Chapter 7
COMBINATIONS AND PERMUTATIONS

We have seen in the previous chapter that (a + b)" can be written as

R R
0 1 k n

where we have the specific formulafor the binomial coefficients:

[ n} _ n! _n(n-)(n-2)..(n-k+1)
k ki(n - K)! 1-2:3..k '

We now look at a different interpretation of these numbers and will see why ( E] is
caled "n choose k." Let
M = (1 +X)(1 + %) (1 + X5).
Expanding this product, we get
M=1+X + X+ X3+ XX, + X X3 + X X5 + X XXs.

The terms of this expansion correspond to the subsets of S={x,, %,, X;}. That is, we can
associate the term 1 with the empty subset of S the terms x,, X,, and x; with the singleton subsets
of S the terms x;X,, X,X;, and x,x; with the doubleton subsets; and x,x,x; with Sitself. (Sisthe
only subset with 3 elements.)

Next we replace each of x;, X,, and x; by x in our two expressions for M. Thisresultsin

(1+x°=1+3x+3x+X2

Thus we see that ( i] for k=0, 1, 2, 3 isthe number of ways of choosing a subset of k
elements from aset Sof 3 elements. Similarly, one can see that the number of ways of choosing k

elements from a set of n eementsis ( E] .
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For example, the set {1, 2, 3, 4, 5} with 5 elements has ( 2] subsets having 3 elements.

Since

5 = ie = 10,
3) 123

it is not too difficult to write out all ten of these subsets as

{1,2,3},{1, 2, 4},
{1,4,5},{2, 3, 4}

[t Wt}

1,2,5},{1,3,4},{1, 3,5},
2,3,5},{2,4,5},{3,4,5}.

If we drop the braces enclosing the elements of each subset, the resulting sequenceis said to be a
combination of 3 things chosen from the set {1, 2, 3, 4, 5}. Thus the ten combinations of 3
things chosen from this set of 5 objects are

1,23 1,2, 4, 1,25 1,3 4 1,35
1, 4,5 2, 3,4 2,35 2,4,5; 3,4,5.
Note that changing the order in which the objects of a combination are written does not change
the combination. For example, 1, 2, 4 isthe same combination as 1, 4, 2.
The formula ( E] = [ nT k] tells us that the entries on row n of the Pascal Triangle
read the same left to right as they do right to left. The combinatorial significance of this formula
isthat the number of ways of choosing k elements from a set of n elementsis equal to the number

of ways of omitting n - k of the elements.

A problem analogous to that of finding the coefficients of a binomial expansion is that of
finding the coefficentsin

(x+y+2)"
These coefficients, called the trinomial coefficients, are naturally more complicated but,

fortunately, can be expressed in terms of the binomial coefficients in the following way. Let us
look for the coefficient of X°y*Z" in (x +y + 2)'°. From this product of ten factors we must choose

Sx X's, threey's, and one z. We can choose six X'sfrom a set of tenin ( 1:] ways and three
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y'sfrom the remaining four factorsin [ g] ways, and the z from the remaining factor in

( i] way. Therefore the trinomial coefficient of x%?Z in (x + y + 2)*° can be written as

101{ 4 1,or,since 1 =1, as 10 4. We can obtain an alternate
6 /{3/\1 1 6 /3

representation of this number, however, by choosing the zfirst in ( 110] ways, then the six X's

from the remaining nine, and finaly the three y's from the remaining three. Thus the coefficient

would appear as 1011911 3 or 10319 . Hence 10)f4) _ (1049 . By
1) 6)\3 1)1 6 6)\3 1)\ 6
choosing the y’ sfirst, one can see that this coefficient could also be expressed as

( 1;][ g] or ( 13?][ Z] The reader may find other forms of the coefficient.

This problem can be generalized similarly to find the coefficientsof (x +y +z+ - +wW)",
they are called multinomial coefficients. It can readily be shown that the coefficient of
x 2y Pz¢ wdinthe expansionof (x +y +z+ - +W)" is

n!
alblcl..d!

where, of course, thesum a + b + ¢ + - + d of the exponents must be n.

Another interesting problem, and one with frequent applications, is that of finding the
number of ways in which one can arrange a set of objectsin arow, that is, the number of
permutations of the set. Let us consider the set of four objects a, b, ¢, d. They can be arranged
in the following ways:

abcd bacd cabd dabc
abdc badc cadb dach
acbd bcad cbad dbac
acdb bcda cbda dbca
adbc bdac cdab dcab
adch bdca cdba dcba
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Rather than write them al out, if we are only interested in the number of arrangements, we
may think of the problem thus: We have four spacesto fill. 1f we put, for example, the b in the
first, we have only the a, ¢, and d to choose from in filling the remaining three. And if we put the
d in the second, we have only a and c for the remaining; and so forth. So we have four choices
for the first space, three for the second, two for the third, and one for the fourth. This gives us
4-3-2-1, or 4! arrangements of four objects. This argument can be used to show that there are n!
arrangements of n objects.

We may also consider the possibility of arranging, in arow, r objects chosen from a set of
n. We have n choices for the first space, n - 1 for the second, n - 2 for the third, and so on.
Findly we haven - r + 1 choices for the rth space, giving atotal of n(n- 1)(n-2)..(n-r + 1)
possible arrangements (or permutations). This can be written in terms of factorials as follows:

nn-1)(n-2)..(n-r +1)

_nn-HY(n-2).(n-r+Pn-r(n-r-1).32-1
(n-rnNn-r-1)..321

n!

(n-r)’

It should be noted that this is not the number of combinations of r objects taken from a set of n,
since in permutations order isimportant; in combinationsit isnot. For example, if we consider
the three objects a, b, and c, the number of permutations of two objects chosen from them is 3-2,

|
the arrangements ab, ba, bc, cb, ca, ac. However, the number of combinationsis % = 3,

and the combinationsarea and b, b and ¢, and a and c.

Next we define even and odd permutations of 1, 2, ..., n; thistopic is used in Chapter 9
and in higher algebra

We begin with the case n = 3, that isthe numbers 1, 2, 3. With each permutation
i, k
of these three numbers, we associate the product of differences
p=(-ik-i)k-J).
If pispositive, the associated permutation is called even; if p is negative, the associated

permutation isodd. Three of the 3! permutations of 1, 2, 3 are even and three are odd. The even
ones are listed in the first column, and the odd ones in the second column:



1,23 1,32
2,31 2,13
3,12 3,21

For generd n, apermutation i, j, h, k, ..., r,sof 1, 2, 3, ..., nis associated with the product

p=[(0 - DI(h-i)(h-DIl(k-i)(k-])(k-h)T ...
[(s-1)(s-1)(s-h)(s-K)...(s- 1]

of al the differences of two of i, j, h, k, ..., r, sin which the number that appearsfirstis

subtracted from the other. If the permutationi, |, h, k, ..., r, siswritten in the notation a,, a,, as,
a, ..., 8,4, a,, then the product p takes the form

p = [(& - all(a; - a)(a; - all(a, - a)(a, - a)(a, - ).
[(a, - a)(a, - a)(a, - a)(a, - a)..(a, -a, ;)]

If the product p is positive, the permutation is even; if p is negative, the permutation is odd.

Problemsfor Chapter 7

1. Write out al the combinations of two letters chosen from a, b, ¢, d, and e.
2. Write out al the combinations of three letters chosen froma, b, ¢, d, and e.
3. Write out all the permutations of two letters chosen from a, b, ¢, d, and e.
4. Write out all the permutations of three letters chosen from a, b, ¢, d, and e.
5. Find the positive integer that is the coefficient of X®y’Z in (x +y + 2)'2.

6. Expressthetrinomia coefficient of the previous problem in six ways as a product of two
binomial coefficients.

7. How many combinations are there of 1, 2, 3, or 4 elements from a set of 5 elements?

8. How many non-empty proper subsets are there of a set of n elements? That is, how many
combinations arethereof 1, 2, ..., or n- 1 elements?

9. Expressthe coefficient of Xy'w?in (x +y + z+ w)*in six different ways as a product of two
binomia coefficients.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

R 21.

Express the coefficient of X3y°*ZwW? in (x +y + z+ w)™ in six different ways as a product of
three binomial coefficients.

Find the coefficient of x¥°Zwin (2x+y - z+w)™.
Find the coefficient of X'yzwin (X +y+z+w)"™
Show that X°y?Z’ has the same coefficient in (x +y + z+ w)*® asin (x + y + 2)*°.

Wheat is the relation between the coefficient of xy’Z in (x +y - 2™ and its coefficient in
(X-y+z+wh?

Let a, b, and n be positive integers, with n > a + b. Show that

AL L) - s

a b b/{ a-1 aj)l b-1 a b

Express the coefficient of x3*Z in (x + y + 2)* as the sum of three of the trinomial
coefficients in the expansion of (x +y + 2)™.

What is the sum of all the trinomia coefficientsin (x + y + 2)*®?

What is the sum of the coefficients in each of the following:

@ (x+y-2'?

(b) (x-y+z-w)>e?

List the even permutations of 1, 2, 3, 4.

List the odd permutations of 1, 2, 3, 4.

Let P beapermutationi, j, h, ... kof 1,2, 3, ..., n.

(@) Show that if i and | are interchanged, P changes from odd to even or from even to odd.

(b) Show that if any two adjacent termsin P are interchanged, P changes from odd to even
or from even to odd.

(c) Show that the interchange of any two termsin P can be considered to be the result of
an odd number of interchanges of adjacent terms.

(d) Show that if any two termsin the permutation P are interchanged, P changes from odd
to even or from even to odd.
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(e) Giventhat n > 2, show that half of the permutationsof 1, 2, ..., n are even and half

|
are odd, that is, that there are % even permutations and the same number of odd
Oones.

R 22. (@) Let P beapermutation a, b, c, d of thenumbers 1, 2, 3,4. Letd=4andlet Q bethe
associated permutation a, b, c of 1, 2, 3. Show that P and Q are either both even or

both odd.
(b) Let Rbeapermutationi, j, ..., h, nof thenumbers 1, 2, ..., n-1, nin which the last
term of Risn. Let Sbethe associated permutation|i, |, ..., hof 1, 2, ..., n-1 obtained

by dropping the last term of R. Show that R and S are either both even or both odd.
23. How many triples of positive integersr, s, and t are there withr <s<t and:
(@ r+s+t=52?

(b) r +s+t=352?

1247
24. The arrangement

has the property that the numbers increase as one goes down
or to theright.

(@) How many other arrangements are there of the numbers 1, 2, ..., 8in 2 rowsand 4
columns with this property?

(b) How many arrangements are there of the numbers 1, 2, ..., 14 in 2 rows and 7 columns
with this property?

(¢) How many arrangements are there of the numbers 1, 2, ..., 12 in 3 rows and 4 colunms
with this property?
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